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Systems of Rays Normal to a Surface. 

By W. 0. L. Gorton. 



The following article is intended as a supplement to §7 of my paper in this 
Journal, Vol. X, p. 347. It treats primarily of systems of rays originally passing 
through a point, which we shall call the focus. The results are not new, and are 
only given as illustrations of the method employed and the ready applicability 
of quaternions to such problems. We shall use the laws of reflection and refrac- 
tion determined by experiment, viz. I. The incident and reflected rays are in the 
same plane with the normal to the reflecting surface and make equal angles with 
it ; II. The incident and refracted rays are in the same plane with the normal 
to the refracting surface, and the sines of the angles which they make with it 
bear a constant ratio to each other. Let p = a -}- xt be the equation of a system 
of rays where a =f(t, u), t = ^(t, u) and Tr = 1 . If for any value of x such 
as x — <£> (t, u) they be normal to a surface, we must have 

Srdf = S*d u p = , 

where d t p = d t <y -{- xd t t -\-td t x 

and 3„p = d u a + xd u t -}- vd u x. , 

.*. Std t a -f- xStdfi -^t 2 d t x = Srdfi — d t x = 0, 
Std u a + x/Srd u r -J- <z*d u x = S*d u <f — d u x = , 

since Srd t <t = Std„t = and i 3 = — 1 , since 

d?x d?x 



dt du dti dt 

we must have 3 „ _ 3 „ _ 

g^ Std t a — -^ Std u a — , 
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and therefore we obtain as a necessary and sufficient condition 

Sdfld u a — Sd u td t a = . 

Let us now consider rays emanating from a point which have been reflected 
by some surface. 

Let p = as0 + yt be the equation of the reflected system where p = xa is the 
equation of the reflecting surface and Ta = T* = 1 . Calling v the normal to the 
surface p = xa , since a and <r are unit vectors, and v bisects the angle between 

them, we have v\\t — a, 

.-. S{* — a)d t xa = 0, 
S(t — a)d u xa = 0, 

which give us Srd t xa + d t x = 

and S*d u xa -f- d a x = . 

Differentiating the first with respect to t and the second with respect to u 

and subtracting, we have 

Sdftd n xa — Sd tt td t xa = 0, 

or the reflected system is normal to some surface. Therefore, in order that a 
system of rays may be brought to a focus by reflection they must be normal to 
a surface. 

Let p = a -j- xr 1 be the equation of a normal system of rays ; then if the rays 
be reflected by the surface p = a -f- x^ where a^ =f(t, u) , we shall have as the 
equation of the reflected system, 

p = c + x 1 * 1 + xr, 

where Tt 1 =Tr = l. 

Calling v 1 the normal to the reflecting surface, we have 

.vilki — *, 
.-. S (■?! — t) d t (a + xr) = , 
#(*i — *) 3»(<y + set) = . 

Treating these as above, we have 

Sd t r x d u (a + xt) — Sd u vd t (a .+ xr) = Sd t rd n (a + xt) — Sd u td t (a + xr) 

= Sd t td u a — Sd u rdp 
= 0, 
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since the system p = a -\- xv was normal to a surface. Therefore, a system of 
rays which is normal to a surface is still normal to some surface after any 
number of reflections. 

Let p = xa be the equation of a system of rays emanating from a point. 
After reflection by the surface p = x x o their equation will be of the form 
p = a; 1 cr -\-yt, and let p = x x c -f- ytf be the equation of one of the surfaces to 
which the reflected svstem is normal. Then since t — cr is normal to the surface 
p = scjcr and t to the surface p = x x o + ytf, we have 

S(a — t) d^tr =0, 
Srd t (x 1 a + y 1 r) = 0. 

Adding these equations we obtain 

Sadfic^a + Stdty-p; = , 
or d t x + d t y=0. 

In the same way we can prove 

d tt x-\-d a y = 0. 

Therefore the distance along any ray from the focus to the normal surface is 
independent of the ray. This can readily be generalized as follows : 

Let p = xfa + ayr 2 +....+ x n t n + xr 

be the equation of one of the surfaces to which the rays are normal after n reflec- 
tions. Then, on account of the law of reflection, we have 

#(<r 2 — Tl)<Wi = 0, 

S (<r 3 — *,) d t (x&x + avr 2 ) = , 



S(r — r n ) d t (a?!*! + ayr, + . . . . + x n t n ) — 0. 
Adding these equations, we obtain 

8*xd{c x *\ +••••+ St n d t x n t n — Std t (xtf! -\ (- x n r n ) = , 

but Srd t (a?!*! -f- . . . . -j- x n r n ) = — Std t xr, 

.'. StidfXiTx +.... + St n d t x n r n -f- Stdfc* = . 
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Expanding and remembering that Tr x = . . . . = Tr n = Tr = 1 , we have 

dfa -\ . + d t x n + d t x = . 

In the same way we can prove 

^u x \ + •••• + 3«35» + d u x = . 

Therefore, after any number of reflections the distance along any ray from the 
focus to a normal surface is independent of the ray. These results can readily 
be extended to the case of refraction with such differences as the difference in 
the law of refraction introduces. 

Let p = x\t x -j- aw be the equation of a system of rays which emanating from 
a point have been refracted at the surface o = xfa. Let n x and n be the indices 
of refraction of the two media and Tr = Tr x = 1 . By the law of refraction, 
calling v the normal to the refracting surface, we have 

v\\nr — n x r x , 
.•. S (nr — nfa) d t x$; x = , 
S (nr — nfa) dyXtfi = ; 

expanding nStdfc^ = — n$ t x x , 

nStduXtfi = — nid u Xi, 
.: Sdfid xfa — SdntdtXtf-L = , 

and the refracted rays are normal to some surface. 

Let p — cr + avr be the equation of any normal system of rays, and let 
p = a -f- xr -f- x-fix be the equation of the system after refraction at the surface 
p = <r -f arr. 

Let m be the index of refraction of the first medium and n that of the 

second, then S(mi — nr x ) d t (a + xr) = , 

S(mr — nt-i) d u (a -f xr) = , 
nStid t (<r -f xr) = md t x — mSrdfi, 
nSr y d w (a -f- xr) = md u x — mjSrd u a . 
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Differentiating the first with respect to u arid the second with respect to t and 
subtracting, 

rn (Sd u *id t (a -f xr) — Sd t rd u (<r + arc 1 )) = m (Sd t *d w c — Sd u td t a) 

= 0; 

therefore we have the general theorem that a system of rays normal to a surface 
are still normal to some surface after any number of reflections and refractions. 

Let us consider the equation p = x^ + xr of a surface to which the refracted 
rays, originally emanating from a point, are normal. Calling the indices of 
refraction n x and n, We have 

jS(ni*i — nr) d t x^t x = , 
Sntd t (a^Ti + x *) = . 

Adding, we have n^t^tx^ + nSrd t xt = 0, 

or tijdfXx + ndfpc = . 

In the same way we can prove that 

n^d u Xi + nd u x = . 

This can be easily generalized as follows : 

Let o =■ xfa + ayig + ....+ x n t n + w be the equation of a surface to 
which the rays are normal after n refractions. Let n x , n z , . . . . n n , n be the 
indices of refraction, and Tt x = Ik z = . . . . = T?„ = Tt = 1 . We have, by the 
laws of refraction, 

S (ufa — n s r 2 ) d t x x t x = , 

S (%r g — %r 8 ) d( (xfa + x z v 2 ) = 0, 



S{n n t n — nr) d t (x^ + + x n r n ) = . 

Since, then, rays are normal to the above surface, we have 

Srd t (xfr -\ \- x n t n + xr) = 0, 

and therefore nSrd t (xtfi + .... + x n t n ) = — nStd t xt . 

23 
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Adding the above equations and making use of this relation, we have 

%$ , <r 1 3 < sc 1 ii+ . . . . + n n St n d t x n r n + nS*d#t7t = , 
or nfiiXi. -f . 1- n n d t x n + rtdfc = . 

In the same way we can prove 

%9««i + ....+ n n d u x n + nd u x = . 

Therefore, if we consider the path of any ray from the focus to the normal sur- 
face, we have the theorem that sum of the lengths of the path in each medium 
multiplied by the corresponding index of refraction is independent of the ray. 
Woman's College, Baltimore, March, 1890. 



